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Introduction

The Mathematics Instructional Guide, a companion document to the 2023 Mathematics Standards of Learning, amplifies the Standards
of Learning by defining the core knowledge and skills in practice, supporting teachers and their instruction, and serving to transition
classroom instruction from the 2016 Mathematics Standards of Learning to the newly adopted 2023 Mathematics Standards of Learning.
Instructional supports are accessible in #600penVA and support the decisions local school divisions must make concerning local
curriculum development and how best to help students meet the goals of the standards. The local curriculum should include a variety of
information sources, readings, learning experiences, and forms of assessment selected at the local level to create a rigorous
instructional program.

For a complete list of the changes by standard, the 2023 Virginia Mathematics Standards of Learning — Overview of Revisions is available
and delineates in greater specificity the changes for each grade level and course.

The Instructional Guide is divided into three sections: Understanding the Standard, Skills in Practice, and Concepts and Connections
aligned to the Standard. The purpose of each is explained below.

Understanding the Standard

This section includes mathematics understandings and key concepts that assist teachers in planning standards-focused instruction. The
statements may provide definitions, explanations, or examples regarding information sources that support the content. They describe what
students should know (core knowledge) as a result of the instruction specific to the course/grade level and include evidence-based
practices to approaching the Standard. There are also possible misconceptions and common student errors for each standard to help
teachers plan their instruction.

Skills in Practice

This section outlines supporting questions and skills that are specifically linked to the standard. They frame student inquiry, promote
critical thinking, and assist in learning transfer. Curriculum writers and teachers should use them to plan instruction to deepen
understanding of the broader unit and course objectives. This is not meant to be an exhaustive list of student expectations.

Concepts and Connections

This section outlines concepts that transcend grade levels and thread through the K through 12 mathematics program as appropriate at
each level. Concept connections reflect connections to prior grade-level concepts as content and practices build within the discipline as
well as potential connections across disciplines.
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Grade 4

Number and Number Sense
In K-12 mathematics, numbers and number sense form the foundation building blocks for mathematics understanding. Students develop
a foundational understanding of numbers, their properties, and the relationships between them as they learn to compare and order
numbers, understand place value, and perform numerical operations. Number sense includes an understanding of patterns and the
relationships between numbers and being able to apply this knowledge to real world problems. Throughout K-12, students build on their
number sense to develop a deeper understanding of mathematical concepts and reasoning.

In Grade 4, students will explore relationships between whole numbers, fractions, and decimals, and they will understand that these
representations provide meaning and structure that allow students to quantify, measure, and make decisions in life. At this grade level,
students will read, write, and identify the place and value of each digit in a nine-digit whole number; compare and order numbers up to
seven digits; represent, compare, and order fractions (proper, improper, or mixed numbers with denominators 12 or less); represent,
compare, and order decimals through thousandths; and identify and represent fraction and decimal equivalencies (limited to halves,
fourths, fifths, tenths, and hundredths).

4.NS.1
The student will use place value understanding to read, write, and identify the place and value of each digit in a nine-digit whole
number.

Students will demonstrate the following Knowledge and Skills:
a) Read nine-digit whole numbers, presented in standard form, and represent the same number in written form.

b) Write nine-digit whole numbers in standard form when the numbers are presented orally or in written form.

c) Apply patterns within the base 10 system to determine and communicate, orally and in written form, the place and value of each
digit in a nine-digit whole number (e.g., in 568,165,724, the 8 represents 8 millions and its value is 8,000,000).

Understanding the Standard

e Reading and writing large numbers should be meaningful for students. Experiences can be provided that relate practical situations in
students’ environments (e.g., the population of the school versus a school division, seats in an auditorium versus a stadium, number
of letters in a word versus on a page).

4 VIRGINIA DEPARTMENT OF EDUCATION | doe.virginia.gov


http://doe.virginia.gov/

e The structure of the base 10 number system is based upon a simple pattern of tens, where each place is ten times the value of the
place to its right. This structure, known as a ten-to-one place value relationship, is helpful in comparing and ordering numbers.

e Place value refers to the value of each digit and depends upon the position of the digit in the number. For example, in the number
7,864,352, the 8 is in the hundred thousands place, and the value of the 8 is eight hundred thousand or 800,000.

e Numbers are arranged into groups of three places called periods (ones, thousands, millions, etc.). The value of the places within the
periods repeat (hundreds, tens, ones). Commas are used to separate the periods. Knowing the value of the place and period of a
number helps students determine values of digits in any number as well as read and write numbers.

e Whole numbers may be written in a variety of forms:

o standard: 1,234,567;
O written: one million, two hundred thirty-four thousand, five hundred sixty-seven;
O expanded: (1,000,000 + 200,000 + 30,000 + 4,000 + 500 + 60 + 7); or
o expanded: (1x1,000,000) + (2 x 100,000) + (3 x 10,000) + (4 x 1,000) + (5 x 100) + (6 x 10) + (7 x 1)
e Concrete materials such as base 10 blocks or bundles of sticks may be used to represent whole numbers through thousands. Larger
numbers may be represented by digit cards, place value charts, or on number lines.

Skills in Practice

While the five process goals are expected to be embedded in each standard, the Skills in Practice highlight the most prevalent process
goals in relation to the content presented.

Mathematical Connections: Students may have difficulty translating a number from one form to another. Translating a number in word
form to standard form, especially when zero is in one or more place value positions in the number (e.g., three hundred sixty million, one
hundred seven thousand, nineteen), can present a challenge for some students. Students would benefit from explicit instruction
connecting the conventions used in word form (e.g., commas separating the periods) to the attributes of a number in standard form (e.g.,
three digits in each period, commas separating the periods). Understanding these connections may help students break the word form of
a number into meaningful “chunks” as they translate it into standard form, as shown in the image below.

four hundred nineteen million, three hundred sixty thousand, seven hundred eight

4,19 |/3(6|0|/70]|8

0 - - ’ ’
millions period  thousands period ones period
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Mathematical Reasoning: Students may have difficulty identifying the place and value of a digit in a large number. For example, given the
number 16,184,725 and asked to determine the value of the digit in the ten millions place, students may provide an incorrect response
(e.g., stating 1 instead of 10,000,000 or stating the value of a digit in another place value) that reveals foundational place value
misconceptions. Providing students with a place value chart up to the hundred millions place, and providing additional opportunities to
practice writing numbers in the chart and identifying the values of the digits in the numbers would be helpful to support students’ place
value understanding.

Concepts and Connections

CONCEPTS
Flexibility with composing and decomposing base 10 numbers and understanding the structure to build relationships among numbers

allows us to quantify, measure, and make decisions in life.

CONNECTIONS

e Within the grade level/course:
o 4.NS.2-The student will demonstrate an understanding of the base 10 system to compare and order whole numbers up

to seven digits.
e Vertical Progression:
o 3.NS.1-The student will use place value understanding to read, write, and determine the place and value of each digitin a
whole number, up to six digits, with and without models.
o There are no formal subsequent place value standards. In later grades, students explore the characteristics of prime and
composite numbers (5.NS.2) and begin learning about integers (6.NS.2).

ACROSS CONTENT AREAS [THEME — NUMBERS, NUMBER SENSE, AND PATTERNS]:
e Science:
o 4.4a-The student will use weather instruments (thermometer, barometer, rain gauge, anemometer) and observations of
sky conditions to collect, record, and graph weather data over time; analyze results and determine patterns that may be
used to make weather predictions.

e Computer Science:
o 4.AP.1-The student will apply computational thinking to identify patterns and design algorithms to compare and contrast
multiple algorithms used for the same task (a) decompose an algorithm, process, or problem into a subset of smaller
problems; (b) identify multiple algorithms for the same task; and (c) describe patterns within multiple algorithms.
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Resources to Support Local Curriculum

e Alist of approved textbooks and instructional materials is posted on the VDOE website.
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4.NS.2

The student will demonstrate an understanding of the base 10 system to compare and order whole numbers up to seven digits.
Students will demonstrate the following Knowledge and Skills:

a) Compare two whole numbers up to seven digits each, using words (greater than, less than, equal to, not equal to) and/or using
symbols (>, <, =, #).
b) Order up to four whole numbers up to seven digits each, from least to greatest or greatest to least.

Understanding the Standard

o Numbers written in standard form are often more easily compared. Students are then able to use the number of digits in a whole
number, and the place and value of those digits, to compare and order numbers.

o Numbers written in expanded form are also easy to compare, as the value of each digit in each place value is written out, making
them easier to compare.

e A numberline is one model that can be utilized when comparing and ordering numbers.

e Mathematical symbols (>, <) used to compare two unequal numbers are called inequality symbols.

Skills in Practice

While the five process goals are expected to be embedded in each standard, the Skills in Practice highlight the most prevalent process
goals in relation to the content presented.

Mathematical Problem Solving: The most common error made by students when ordering a set of numbers from least to greatest is
putting the numbers in order from greatest to least. These students may demonstrate an understanding of ordering numbers but would
benefit from strategies that focus attention on the type of ordering required.

Mathematical Reasoning: Students may have difficulty comparing larger numbers that have a different number of digits. For example,
given the numbers 998,969 and 1,102,121, students may state that 998,969 is larger than 1,102,121. These students incorrectly reason
that if the digit 9 is in the highest place value of a number (the 9 in the hundred thousands place), it automatically makes the number
greater than another number that has a higher place value (the 1 in the millions place). Using manipulatives such as place value blocks to
demonstrate this concept using smaller numbers (e.g., 1,021 is greater than 997) may help students strengthen their place value
understanding. The use of a place value chart may also provide a helpful visual aid for comparing the individual digits between two
numbers, as shown in the image below.
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hundred ten onhe hundred ten one
millions millions millions | thousands |thousands | thousands| hundreds tens ones

9 |9 |8/9|6 |9
1,10 |2]1|2|1

Mathematical Representations: Some students will likely confuse the < and > symbols and use them incorrectly when comparing
numbers. Often, these students are able to determine which number is greater and which number is less, but they are unsure of which
symbol should be used to make the number sentence correct. Students benefit from practice reading these comparisons aloud to make
sure the correct vocabulary is used with the correct symbol.

Concepts and Connections

CONCEPTS
Flexibility with composing and decomposing base 10 numbers and understanding the structure to build relationships among numbers
allows us to quantify, measure, and make decisions in life.

CONNECTIONS
e Within the grade level/course:
o 4.NS.1-The student will use place value understanding to read, write, and identify the place and value of each digitin a
nine-digit whole number.
e Vertical Progression:
o 3.NS.2 -The student will demonstrate an understanding of the base 10 system to compare and order whole numbers up
to0 9,999.
o While there are no formal standards involving comparing whole numbers in subsequent grade levels, Grade 5 students
will compare and order sets of fractions and decimals (5.NS.1), and Grade 6 students will compare and order integers
(6.NS.2).

ACROSS CONTENT AREAS
Reference 4.NS.1
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Resources to Support Local Curriculum

e Alist of approved textbooks and instructional materials is posted on the VDOE website.
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4.NS.3

The student will use mathematical reasoning and justification to represent, compare, and order fractions (proper, improper, and
mixed numbers with denominators 12 or less), with and without models.

Students will demonstrate the following Knowledge and Skills:

a) Compare and order no more than four fractions (proper or improper), and/or mixed numbers, with like denominators by
comparing the number of parts (numerators) using fractions with denominators of 12 or less (e.g., § < %). Justify comparisons
orally, in writing, or with a model.*

b) Compare and order no more than four fractions (proper orimproper), and/or mixed numbers, with like numerators and unlike
denominators by comparing the size of the parts using fractions with denominators of 12 or less (e.g., % < %). Justify comparisons
orally, in writing, or with a model.*

c) Usebenchmarks (e.g., 0, % or 1) to compare and order no more than four fractions (proper or improper), and/or mixed numbers,
with like and unlike denominators of 12 or less. Justify comparisons orally, in writing, or with a model.*

d) Compare two fractions (proper or improper) and/or mixed numbers using fractions with denominators of 12 or less, using the
symbols >, <, and = (e.g., § > %). Justify comparisons orally, in writing, or with a model.*

e) Represent equivalent fractions with denominators of 12 or less, with and without models.*

f) Compose and decompose fractions (proper and improper) and/or mixed numbers with denominators of 12 or less, in multiple
ways, with and without models.*

g) Represent the division of two whole numbers as a fraction given a contextual situation and a model (e.g., $ means the same as 3

divided by 5 or% represents the amount of muffin each of five children will receive when sharing three muffins equally).

* On the state assessment, items measuring this objective are assessed without the use of a calculator.

Understanding the Standard

e Afractionis a numerical way of representing part of a whole. Fractions can have different meanings: part-whole, measurement,
division, ratio, and operator. When working with fractions, the whole must be defined. In Grade 4, fractions most commonly represent
part-whole, measurement, or division situations.

e Thevalue of a fraction % is dependent on both b, the number of equivalent parts in a whole (denominator), and a, the number of those
parts being considered (numerator).
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. . . . 1
Fractions with a numerator of one are called unit fractions (e.g., Z)'
Proper fractions, improper fractions, and mixed numbers are terms often used to describe fractions. A proper fraction is a fraction
whose numerator is less than the denominator. An improper fraction is a fraction that is greater than or equal to one whole (i.e.,
. . 7 . . .
whose numerator is greater than or equal to the denominator (e.g., Z)' An improper fraction may also be expressed as a mixed

number. A mixed humber is written with two parts: a whole number and a proper fraction (e.g., 35). The value of a mixed number is the
sum of its two parts.

At this grade level, models can provide considerable support for developing student understanding of the different fraction concepts
and for justifying solutions when problem solving.

Representations that students use in fraction explorations, activities, and during problem solving should be based on the concept
being developed. At this grade level, the three representations most commonly used are region/area models, set models, or
length/measurement models.

In a region/area model (e.g., fraction circles, pattern blocks, geoboards, grid paper, color tiles), the whole is continuous and divided

or partitioned into parts with areas of equivalent value. The fractional parts may or may not be congruent and could have a different
shape as shown in the middle example below. This model is helpful when developing the part-whole concept.

e

In a set model (e.g., chips, counters, cubes), the whole is made up of discrete members of the set, where each memberis an
equivalent part of the set. In set models, the whole needs to be defined, but members of the set may have different sizes and shapes.
For example, if a whole is defined as a set of 10 shapes, the shapes within the set may be different. In the example below, students

should identify hearts as representing% (or one-half) of the shapes in the set shown:

VYOV
OO
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In a length/measurement model (e.g., fraction strips, rods, number lines, rulers), each length represents an equal part of the whole.
For example, given a strip of paper, students could fold the narrow strip into four equal parts, with each part representing one-fourth.
Students will notice that there are four one-fourths in the entire length of the strip of paper. A concrete model connects to a
representation of a number line to make sense of the spaces that show the value of the fraction.

F'y
s L

=) —
o =P —
P T
| e

Aruleris animportant representation of the length model of fractions. When using rulers to measure length, opportunities should be
provided for students to identify the points of the ruler that represent the lengths of halves, fourths, and eighths, and students should
be encouraged to make connections to fractions and mixed numbers.

A fraction can represent the result obtained when two numbers are divided.
o The number of gumdrops each child receives when 40 gumdrops are shared equally among 5 children can be expressed as 4—50
or 8.

When presented with a fraction S representing division, the division expression representing the fraction is written as 3 + 5.

o When 3 cakes are divided equally among 4 people, the fraction % may be interpreted as the amount of cake each person will
receive.

Equivalent fractions name the same amount. Students should have multiple opportunities to explore and use a variety of
representations including visual fraction models and folding paper to represent, explore, and explain why two fractions are

. 1. . 4 .
equivalent. For example, Sis equivalent to 3 because the fractions themselves represent the same value, even though the number

and size of the parts differ.
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1 1

E the paper is blue E the paper is blue
1
2 the paper is blue and and

2 4

- the paper is blue - the paper is blue

Concrete and pictorial models, benchmarks (e.g., 0, %, 1), and equivalent forms are helpful in judging the size of fractions.

Composing and decomposing fractions develops a deeper understanding of fractional concepts including the use of models,
benchmarks, and equivalent forms to compare and order fractions as well as estimating size.

Decomposing a fraction is breaking it into parts. Fractions can be decomposed in a variety of ways.

2 can be decomposed into unit fractions é +% +§ +141L

E can be decomposed |nto + - E can be decomposed |nto— + -
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e When fractions have the same denominator, they are said to have “common denominators” or “like denominators.”

e Strategies used for comparing and ordering fractions (proper and improper) and mixed numbers may include:

o morethan 1 whole;
o lessthan 1 whole;

’

o comparing fractions to familiar benchmarks (e.g., 0, %, 1);

) 1
distance from orto O, > 1;

determining equivalent fractions;
using like denominators; or
using like numerators.

O O O O

into, the smaller each part will be (e.g., % < é).

o comparing fractions to familiar benchmarks (e.g., O, %, 1); and

Strategies for comparing fractions with unlike denominators may include:

Comparing fractions with like denominators involves comparing only the numerators or the number of pieces.

Comparing fractions with like numerators involves thinking about the size of the fractional parts. The more parts the whole is divided

o determining equivalent fractions using models such as fraction strips, number lines, fraction circles, rods, pattern blocks,
cubes, base 10 blocks, tangrams, graph paper, or patterns in a multiplication chart.

fractions.

The use of benchmarks can aid in comparing and ordering fractions and solving problems involving addition and subtraction of

I
|
I T
1
2

3. 1
5 is between 0 and >

N - ——

3. 1
= isless than =.
8 2

7. 1
5 1S between > and 1.

7. 1
5 is greater than >
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e The examples below compare fractions with unlike denominators using the strategies of decomposing and benchmark fractions:

4 5
O3
‘o tlafafs
4 12 6 6 6 6
1 1 1 —_— 1 1 1
1 4 3 - 3 4 1 4. 3 1 1 1 5 4 1 1 1
—isthesameas—> + — oras- + — 25 24 = -4 =
3 2 _1 N 1 P s % 2%% 8|sthesamea58+80ra52+8
4 4 2 4
BI JSEN LY AN N I IS e
12121212121212 - a a
7 6 1 1 = =
S o .1 + = 2 6
12 12 2 12
3 o 7
- 12

SO

Q=
\Y
=
SN
\%
wlwn

Skills in Practice

While the five process goals are expected to be embedded in each standard, the Skills in Practice highlight the most prevalent process
goals in relation to the content presented.

Mathematical Reasoning: Students may struggle to compare fractions accurately. Students who demonstrate the common
misconceptions and errors below would benefit from continued experiences using concrete fraction manipulatives to deepen their

conceptual understanding of fractions. Additionally, the use of benchmarks (e.g., O, %, 1) may help students determine the size of
fractions.

o When comparing or ordering fractions with like denominators (e.g., g and g, org and 1—50), students may try to first simplify the

fractions, rather than recognizing that they have like denominators. Another common error occurs when students apply the idea
of “the larger the denominator, the smaller the pieces” to numerators. Students making this error will look at numerators and
determine that fractions with larger numerators are smaller fractions.

. . . - 2 2 8 8 .
o  When comparing or ordering fractions with like numerators (e.g., 3 and 2 0rs and g), students often do not notice that the
fractions have the same numerator and thus, they do not realize that they can focus on the size of the denominators to compare
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the fractions. Another common error occurs when students apply whole number reasoning to compare denominators rather than
understanding that fractional pieces get smaller as the denominator gets larger.

e When comparing or ordering mixed numbers and/or improper fractions, a common error is for students to focus on the fractional
part and ignore the whole number. Students would benefit from modeling the number using concrete materials. Similarly, having
students sort fractions into categories such as “less than one whole” and “more than one whole” can help students when
comparing and ordering fractions.

Mathematical Representations:

Students may have difficulty comparing two mixed numbers. Given Model A and Model B below, a common error is for students to
think that the model that has a whole completely shaded (Model B) is automatically greater than a model that has two partial wholes
shaded (Model A). Students who demonstrate this misconception would benefit from opportunities to use models similar to the ones
shown below. Additional practice where students must model a fraction or mixed number in multiple ways would also help students
deepen their fraction understanding.

Model A Model B

Students may have difficulty when composing a fraction or mixed number, when given a piece of the fraction, as demonstrated in the
example below. In Grade 2, students were expected to compose the whole for a given fractional part and its value (2.NS.3c). Students
should build on this knowledge and create models to represent the composed fraction or mixed number.

, 1 2
The figure below represents 3-Createa model to represent 2.

[

N e O A O
— =

1 whole 1 whole gofa whole
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Mathematical Connections: Students sometimes struggle to see the connections between equivalent fractions. For example, students
may believe that breaking fractional pieces into smaller pieces changes the value of the shaded portion (e.g., drawing a horizontal line
through the image of one-third to create two-sixths changes it to a larger fraction the numerator and the denominator are larger).

Exploring equivalent fractions using concrete materials can help students develop their understanding of equivalent fractions, as shown
in the image below.

1 2
3 - 6

Concepts and Connections

CONCEPTS

Flexibility with composing and decomposing base 10 numbers and understanding the structure to build relationships among numbers
allows us to quantify, measure, and make decisions in life.

CONNECTIONS
e Within the grade level/course:
o 4.NS.5-The student will reason about the relationship between fractions and decimals (limited to halves, fourths, fifths,
tenths, and hundredths) to identify and represent equivalencies.
o 4.CE.3-The student will estimate, represent, solve, and justify solutions to single-step problems, including those in
context, using addition and subtraction of fractions (proper, improper, and mixed numbers with like denominators of 2, 3,
4,5, 6, 8,10, and 12), with and without models; and solve single-step contextual problems involving multiplication of a
whole number (12 or less) and a unit fraction, with models.
e Vertical Progression:
o 3.NS.3-The student will use mathematical reasoning and justification to represent and compare fractions (proper and
improper) and mixed numbers with denominators of 2, 3, 4, 5, 6, 8, and 10), including those in context.
o 5.NS.1-The student will use reasoning and justification to identify and represent equivalency between fractions (with
denominators that are thirds, eighths, and factors of 100) and decimals; and compare and order sets of fractions (proper,
improper, and/or mixed numbers having denominators of 12 or less) and decimals (through thousandths).

ACROSS CONTENT AREAS
Reference 4.NS.1.
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Resources to Support Local Curriculum

e Alist of approved textbooks and instructional materials is posted on the VDOE website.
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4.NS.4

The student will use mathematical reasoning and justification to represent, compare, and order decimals through thousandths,
with and without models.

Students will demonstrate the following Knowledge and Skills:

a) Investigate and describe the ten-to-one place value relationship for decimals through thousandths, using concrete models (e.g.,
place value mats/charts, decimal squares, base 10 blocks).

b) Represent and identify decimals expressed through thousandths, using concrete, pictorial, and numerical representations.
c) Read and write decimals expressed through thousandths, using concrete, pictorial, and numerical representations.

d) ldentify and communicate, both orally and in written form, the place and value of each digit in a decimal through thousandths
(e.g., given 0.385, the 8 is in the hundredths place and has a value of 0.08).

e) Compare using symbols (<, >, =) and/or words (greater than, less than, equal to) and order (least to greatest and greatest to least),
a set of no more than four decimals expressed through thousandths, using multiple strategies (e.g., benchmarks, place value,
number lines). Justify comparisons with a model, orally, and in writing.

Understanding the Standard

e Decimal numbers expand the set of whole numbers and, like fractions, are a way of representing part of a whole.

e Adecimal point(.) separates the whole number from the part of the decimal number that is less than one. A humber containing a
decimal pointis called a decimal number or simply a decimal.

e The structure of the base 10 number system is based upon a simple pattern of tens, where each place is ten times the value of the
place to its right. This is known as a ten-to-one place value relationship (e.g., in 2.35, 3 is in the tenths place since it takes ten one-
tenths to make one whole). Concrete materials that clearly illustrate the relationships among ones, tenths, hundredths, and
thousandths, and are physically proportional (e.g., the ones piece is ten times larger than the tenths piece) may be used to represent
decimal numbers. Examples of proportional manipulatives include decimal squares, base 10 blocks, or meter sticks. In moving
beyond the concrete, non-proportional manipulatives where the relationship is not visible in the material such as money or number
disks (e.g., 1, 10, 100, 1000) can be helpful in developing place value understanding of decimal numbers.

e Toreaddecimals,

o readthe whole number to the left of the decimal point;
o readthe decimal point as “and;”

o read the digits to the right of the decimal point just as you would read a whole number; and say the name of the place value of
the digit in the smallest place.
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Any decimal less than 1 willinclude a leading zero. For example, 0.125 can be read as “zero and one hundred twenty-five
thousandths” or as “one hundred twenty-five thousandths.”

Decimals may be written in a variety of forms:

o standard: 26.537;

o written: twenty-six and five hundred thirty-seven thousandths;

o expanded:20+6+0.5+0.03+0.007; or

o expanded:(2x10)+(6x1)+(5x0.1)+(3x0.01)+(7 x 0.001)
Number lines and beaded number lines serve as useful tools when using benchmarks (e.g., 0, 0.5, 1) to compare and order decimals.
The terms closer to, between, and a little more than are often used when comparing and ordering decimals (e.g., 0.48 is a little less

than 0.5; 0.75 is between 0.5 and 1; 0.98 is close to 1; see the examples below).
0.48

| .

i o 1
0 0.5 1.0
0.75
I I . I
0 0.5 1.0
0.98
I I -
0.5 1.0

Meter sticks are an important representation of decimals. When measuring length, students can identify the points of the meter stick
that represent millimeters (thousandths), centimeters (hundredths), decimeters (tenths), and meters (whole).
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Skills in Practice

While the five process goals are expected to be embedded in each standard, the Skills in Practice highlight the most prevalent process

goals in relation to the content presented.

Mathematical Reasoning: As students are formally introduced to decimal numbers, a common misconception is that a number with
more digits is always greater than a number with fewer digits. For example, given the numbers 5.087 and 5.3, students may state that
5.087 is larger because it has “more numbers.” This indicates that students are applying whole number reasoning to decimal numbers.
Students would benefit from opportunities to develop their conceptual understanding of decimal numbers through the use of base-10
blocks. Using concrete materials to construct models of decimal numbers and then comparing the models provides students with visual
cues to understand the importance of the place of each digit in a decimal number. Additionally, the use of models and a decimal place
value chart can help students see that a number such as 5.3 is equivalent to 5.300 and may aid in comparing and ordering numbers, as

shown in the image below.

hundreds

tens

ones tenths hundredths

thousandths

5408
543 1|0
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Mathematical Representations: A common concrete representation for decimals is the use of base-10 blocks, with a flat representing

one whole, as indicated below.
This model represents one whole.

For the majority of students, their prior experiences with base-10 blocks included the use of a flat as 100, rather than one whole. This shift
in the representation may cause confusion for some students. For example, given the model below, students may inaccurately state that
the model represents 373 rather than 3.73. Similar confusion may occur when a rod is identified as one whole. Providing many
opportunities for students to practice using flats, rods, and units to create decimals numbers would be helpful. In addition, the use of a
place value chart and digit cards will help students label their representations with the standard form of the decimal number.

Mathematical Communication: Students may experience difficulty when reading and writing decimal numbers. For example, when
asked to write the number “nine hundred eighty-one thousandths” in standard form, students may write 981 or 981,000. These errors
indicate that students are using their knowledge of whole numbers to write decimal numbers. Students would benefit from the use of a
place value chart that includes labels for each decimal place value and a clearly marked space in the chart for the decimal point, paired
with a reference to the word “and” to facilitate the process of reading and writing decimal numbers in standard form.

Concepts and Connections

CONCEPTS
Flexibility with composing and decomposing base 10 numbers and understanding the structure to build relationships among numbers
allows us to quantify, measure, and make decisions in life.
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CONNECTIONS
e Within the grade level/course:

o 4.NS.5-The student will reason about the relationship between fractions and decimals (limited to halves, fourths, fifths,
tenths, and hundredths) to identify and represent equivalencies.

o 4.CE.4-The student will estimate, represent, solve, and justify solutions to single-step and multistep problems, including
those in context, using addition and subtraction of decimals through the thousandths, with and without models.

e Vertical Progression:

o While there are no formal standards that address decimals in previous grade levels, students had experience with writing
decimal notation in conjunction with money (2.NS.4 and 3.NS.4).

o 5.NS.1-The student will use reasoning and justification to identify and represent equivalency between fractions (with
denominators that are thirds, eighths, and factors of 100) and decimals; and compare and order sets of fractions (proper,
improper, and/or mixed numbers having denominators of 12 or less) and decimals (through thousandths).

ACROSS CONTENT AREAS
Reference 4.NS.1.

Resources to Support Local Curriculum

e Alist of approved textbooks and instructional materials is posted on the VDOE website.
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4.NS.5

The student will reason about the relationship between fractions and decimals (limited to halves, fourths, fifths, tenths, and
hundredths) to identify and represent equivalencies.

Students will demonstrate the following Knowledge and Skills:

a) Represent fractions (proper orimproper) and/or mixed humbers as decimals through hundredths, using multiple representations,
limited to halves, fourths, fifths, tenths, and hundredths.*

b) Identify and model equivalent relationships between fractions (proper orimproper) and/or mixed numbers and decimals, using
halves, fourths, fifths, tenths, and hundredths.*

c) Write the decimal and fraction equivalent for a given model (e.g., % =0.250r0.25= %; 1.25= % or 1%; 1.02= % or 1%).*

* On the state assessment, items measuring this objective are assessed without the use of a calculator.

Understanding the Standard

e Decimals and fractions represent the same relationship. They are both used when representing a number less than a whole (e.g., 0.5
is written as % or%) and when representing wholes plus some part of a whole (e.g., 2.31 is written as 2 %).

e Decimal notation is used when writing a number with a decimal. Wholes are recorded to the left of the decimal point and the part of
the whole is recorded to the right. Decimals are another way of writing fractions whose denominators are powers of ten (e.g., 10, 100,
1000). Just as the counting numbers are based on powers of ten, decimals are based on powers of ten. The table below shows the
relationship between decimals and fractions.

Decimal Fraction Name
0.1 1 One tenth
10
0.01 1 One hundredth
100
0.001 1 One thousandth
1,000

e Base 10 models can concretely model the relationship between fractions and decimals (e.g., 10-by-10 grids, meter sticks, number
lines, decimal squares, decimal circles, money).

25 VIRGINIA DEPARTMENT OF EDUCATION | doe.virginia.gov


http://doe.virginia.gov/

Skills in Practice

While the five process goals are expected to be embedded in each standard, the Skills in Practice highlight the most prevalent process goals in
relation to the content presented.

Mathematical Representations: When given a model, students may struggle to write the fraction and decimal equivalents represented
by the model. For example, given Model A below, most students will easily recognize that the model represents the fraction %. However,
they may incorrectly write the decimal equivalent as 0.45 or 4.5 or 0.4. These errors indicate that students lack an understanding of how
to determine the decimal equivalent when given a fraction. Helping students see connections between decimal numbers (e.g., between

fifths and tenths; between fourths and money [quarters]) may help students develop a deeper understanding of the relationships
between fractions and decimals.

Model A

Mathematical Connections: Some students have difficulty seeing the connections between fractions and decimals. They see them as
two separate types of numbers, rather than recognizing that decimals are another way to represent fractions, and fractions are another
way to represent decimals. Students may struggle to relate fraction and decimal models, especially with different sized wholes, and
would benefit from additional practice opportunities to match fraction and decimal models with different sized wholes that represent the
same amounts. The use of fraction and decimal picture cards may help students develop their understanding of the relationships
between fractions and decimals. For example, Square A and Square B below provide a visual representation of how fractions (fourths) are
related to decimals.
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Square A Square B

1 0.25
4

Concepts and Connections
CONCEPTS

Flexibility with composing and decomposing base 10 numbers and understanding the structure to build relationships among numbers
allows us to quantify, measure, and make decisions in life.

CONNECTIONS

e Within the grade level/course:

o 4.NS.3-The student will use mathematical reasoning and justification to represent, compare, and order fractions (proper,
improper, and mixed numbers with denominators 12 or less), with and without models.

o 4.NS.4-The student will use mathematical reasoning and justification to represent, compare, and order decimals
through thousandths, with and without models.

e Vertical Progression:

o 3.NS.3-The student will use mathematical reasoning and justification to represent and compare fractions (proper and
improper) and mixed numbers with denominators of 2, 3, 4, 5, 6, 8, and 10), including those in context.

o 5.NS.1-The student will use reasoning and justification to identify and represent equivalency between fractions (with
denominators that are thirds, eighths, and factors of 100) and decimals; and compare and order sets of fractions (proper,
improper, and/or mixed numbers having denominators of 12 or less) and decimals (through thousandths).

ACROSS CONTENT AREAS
Reference 4.NS.1.

Resources to Support Local Curriculum
o Alist of approved textbooks and instructional materials is posted on the VDOE website.
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Computation and Estimation

In K-12 mathematics, computation and estimation are integral to developing mathematical proficiency. Computation refers to the
process of performing numerical operations, such as addition, subtraction, multiplication, and division. It involves applying strategies
and algorithms to solve arithmetic problems accurately and efficiently. Estimation is the process of obtaining a reasonable or close
approximation of a result without performing an exact calculation. Estimation is particularly useful when an exact answer is not required,
especially in real-world situations, and when assessing the reasonableness of an answer. Computation and estimation are used to
support problem solving, critical thinking, and mathematical reasoning by providing students with a range of approaches to solve
mathematics problems quickly and accurately.

In Grade 4, students understand that estimation, and the operations of addition, subtraction, multiplication, and division are used to
model, represent, and solve different types of problems with whole numbers and positive rational numbers. At this grade level, students
represent, solve, and justify solutions to single-step and multistep problems involving addition, subtraction, and multiplication with
whole numbers, and single-step problems using division; recall with automaticity multiplication facts through 12 x 12 and the
corresponding division facts; solve addition and subtraction problems involving fractions with like denominators; solve problems
involving multiplication of a whole number and unit fraction; and solve addition and subtraction problems involving decimals. For
building automaticity, the intentional use of timed exercises such as flashcards and/or supplemental handouts aligned to the rigor of the
standard that require students to generate many correct responses are highly encouraged.

Itis critical at this grade level that while students build their conceptual understanding through concrete and pictorial representations,
that students also apply standard algorithms when performing operations as specified within the parameters of each standard of this
strand. At this grade level, students become more efficient with problem solving strategies. Fluent use of standard algorithms not only
depends on automatic retrieval (automaticity) but also reinforces them. Practice provides the foundation allowing students the ability to
achieve mathematically accurate and systematic use of basic skills at a reasonably quick pace - freeing up working memory to solve
complex problems in later grades. Automaticity further grounds students’ entry points and the structures needed to solve contextual
problems and execute mathematical procedures.

4.CE.1
The student will estimate, represent, solve, and justify solutions to single-step and multistep problems, including those in
context, using addition and subtraction with whole numbers.

Students will demonstrate the following Knowledge and Skills:
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a) Determine and justify whether an estimate or an exact answer is appropriate when solving contextual problems involving addition
and subtraction with whole numbers. Refine estimates by adjusting the final amount, using terms such as closer to, between, and
a little more than.

b) Apply strategies (e.g., rounding to the nearest 100 or 1,000, using compatible numbers, other number relationships) to estimate a
solution for single-step or multistep addition or subtraction problems with whole numbers, where addends or minuends do not
exceed 10,000.*

c) Apply strategies (e.g., place value, properties of addition, other number relationships) and algorithms, including the standard
algorithm, to determine the sum or difference of two whole humbers, where addends and minuends do not exceed 10,000.*

d) Estimate, represent, solve, and justify solutions to single-step and multistep contextual problems involving addition and
subtraction with whole numbers where addends and minuends do not exceed 1,000,000.

* On the state assessment, items measuring this objective are assessed without the use of a calculator.

Understanding the Standard

e Estimation skills are valuable, time-saving tools particularly in practical situations when exact answers are not required, and can be
used in determining the reasonableness of the sum or difference when solving for the exact answer.

e Anestimate is a number that lies within a range of the exact solution, and the estimation strategy used in a particular problem
determines how close the estimate is to the exact solution. Estimates involve using friendlier numbers to mentally compute a
reasonable answer before any exact computation is calculated.

e Students should explore reasons for estimation, using practical experiences, and use various estimation strategies to solve
contextual problems. Estimation strategies include rounding, using compatible numbers, and front-end estimation.

o When estimating, students should consider whether it is important that the estimate is greater than or less than the exact answer. In
the following examples using the same addends, each estimation strategy results in a different sum, so students should be
encouraged to examine the context and the demand for precision when deciding which estimation strategy to use.

o Rounding numbers is one estimation strategy and may be introduced through the use of a number line. When given a number
to round, use multiples of ten, hundred, thousand, ten thousand, or hundred thousand as benchmarks and use the nearest
benchmark value to represent the number. For example, using rounding to the nearest hundred to estimate the sum of 255 +
481 would result in 300 + 500 = 800.

o Using compatible numbers is another estimation strategy. Compatible numbers are pairs of numbers that are easy to add and
subtract mentally. For example, using compatible numbers to estimate the sum of 255 + 481 could result in 250 + 500 = 750.
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o Using front-end estimation is another estimation strategy. Front-end estimation involves truncating numbers to the highest
place value to compute. For example, using front-end estimation to estimate the sum of 255 + 481 would result in 200 + 400 =
600.

Students would benefit from hearing the estimation strategies of other classmates and from discussions about how different
estimation strategies produce different answers (e.g., rounding numbers may produce an estimate closer to the actual answer than
using front-end estimation).

When an exact answer is required, opportunities to explore whether the answer can be determined mentally or must involve paper
and pencil, or calculators help students select the most efficient approach.

Number lines are useful tools when developing a conceptual understanding of rounding with whole numbers. When given a number
to round, locate it on the number line. Next, determine the closest multiples of thousand, ten thousand, or hundred thousand it is
between. Then, identify to which itis closer.

Grade 4 students should explore and apply the properties of addition as strategies for solving addition and subtraction problems
using a variety of representations (e.g., manipulatives, diagrams, and symbols).

The properties of the operations are “rules” about how numbers work and how they relate to one another. Students at this level do not
need to use the formal terms for these properties but should utilize these properties to further develop flexibility and fluency in solving
problems. The following properties are most appropriate for exploration at this level:
o Theidentity property of addition states that if zero is added to a given number, the sum is the same as the given number (e.g.,
24 + 0 =24);
o The commutative property of addition states that changing the order of the addends does not affect the sum (e.g., 24 + 136 =
136 + 24);
o The associative property of addition states that the sum stays the same when the grouping of addends is changed (e.g., 15 +
(35+16)=(15+ 35) + 16).
Computational fluency is the ability to think flexibly in order to choose appropriate strategies to solve problems accurately and
efficiently. A certain amount of practice is necessary to develop fluency with computational strategies. The practice must be
motivating and systematic if students are to develop fluency in computation.
An expression is a representation of a quantity. It is made up of numbers, variables, and/or computational symbols. It does not have
an equal symbol (e.g., 8,15 x 12).
Mathematical relationships can be expressed using equations. An equation represents the relationship between two expressions of
equal value (e.g.,12x4=60-12).
The equal symbol (=) means that the values on either side are equivalent (balanced).
The not equal symbol (#) means that the values on either side are not equivalent (not balanced).
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In problem solving, emphasis should be placed on thinking and reasoning rather than on key words. Focusing on key words such as in
all, altogether, difference, etc., encourages students to perform a particular operation rather than make sense of the context of the

problem. A key-word focus prepares students to solve a limited set of problems and often leads to incorrect solutions as well as
challenges in upcoming grades and courses.

e Bardiagrams serve as a model that can provide students ways to visualize, represent, and understand the relationship between
known and unknown quantities and to solve problems.

Join
Result Unknown

Separate
Change Unknown

Compare
Bigger Unknown

Multiplicative
Compare
Start Unknown

The PTA had 438
members. Another
125 parents joined.
How many are in

A bakery baked 283
pies. They sold
some. Now there
are 125 pies. How

Devon sald 126
more stickers than
Sarah. Devon sold
363 stickers. How

Uncle Bobby is 4
times as old as Dan
Uncle Bobby is 48
years old. How old

the PTA now? many ples did they | many stickers did is Dan?
sell? Sarah sell?
[] 283 Bl | N 1
i | |
I || 1|1 BL |
438 125 7 125 T 126 m

Skills in Practice

While the five process goals are expected to be embedded in each standard, the Skills in Practice highlight the most prevalent process
goals in relation to the content presented.

Mathematical Problem Solving: Problem solving requires both an ability to correctly define a problem and find a solution to it. Model
effective practices that demonstrate for students how to arrive at their solutions through estimation, exactness, and justification. To

unpack contextual problems, guide students through the problem-solving process by taking care to annotate essential vocabulary (not
“key words”) related to applied operations. For example -

o Understand the problem by reading and then re-reading the problem; imagining the problem or drawing a picture;
underlining or highlighting the important information and essential vocabulary within the problem.
o Create a plan by deciding what to do and how to solve the problem using the applicable operation(s).
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o Carry out the plan by showing all work to represent thinking (e.g., using symbols, words, concrete manipulatives, pictorial

representations).

o Checkthe solution by determining if the solution answers the question asked in the contextual problem. During this phase
of problem solving, it is essential that students are exposed to strategies that allow them to determine the reasonableness
of their responses and solutions; and to support multiple mathematically sound and accurate ways of arriving at a

solution.

o Graphic organizers such as the four-square model (Polya method) can help students to organize their thinking as they
solve contextual problems —

Understand

Read the problem. Re-Read the problem

Imagine the Problem or Draw a picture

Annotate: Underline or highlight the important information in the
problem.

Make a Plan: Decide what to do and how to solve the PI an
problem. Will you add, subtract, multiply or divide? —

Solve

Check

Solve: Carry out your plan showing
all work that represents your
thinking.

Think Back:

Does my final answer make sense?
Is there a better way to solve

this problem?

o As students solve contextual problems, ask questions such as —

Are there multiple ways to solve a single problem?
How do you know that you have provided a reasonable answer?
What role does estimation play in solving contextual problems?

As students engage in solving problems, including those in context, they should solve a variety of single-step and multistep

problems using addition and subtraction. At this level, there are several common errors that students make when adding and
subtracting larger numbers. Some examples of common errors are included in the chart below.
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Description of Common Error Incorrect Example Correct Example
When using the standard algorithm to solve a 2129
; ’ 2,129

problem with two numbers that have a +455
different number of digits, students may line up 6679 + 455
the numbers incorrectly. ! 2,584
Students may have difficulty regrouping, 5327 5327
especially in an addition or subtraction - 2,829 2’829
problem that requires regrouping over multiple T3,502% W
place values. *This is one exampie oT an error a !

student may make when regrouping. A

student would get this answer by

inverting the digits in any place value

that would have required regrouping.
Students may struggle to regroup in a 6,000 6,000
subtraction problem that includes one or more -4,286 - 4,286
zeroes in the minuend. 1,824* 1,714

*This is one example of an error a

student may make when regrouping. A

student would get this answer by

turning the 6 into a 5, turning all the

zeros into 10s, and then subtracting.

Students who demonstrate consistent computation errors would benefit from experiences using concrete manipulatives to build
conceptual understanding. In addition, opportunities to hear a variety of computation strategies shared by peers may also expose
students to alternate, efficient strategies that are less reliant on regrouping. Examples of strategies that students may share are
included in the chart below.

2,543 =2,000+500+40+3
+ 1,419=1,000+400+10+9 B +1

Partial Sums

3,526 +2174

3,526 4 2,174

3,000 +900+50+12=3962

3,525+ 2,175 = 5,700

Compensation/Adjusting with Addition

Take one away from
3,526 and add it to
2,174, This makes the

problem friendlier.

-1

Compensation/Adjusting with Subtraction

5,000- 2,628

4,999 - 2,627 =2,372

5,000 - 2,628

Adjust 5,000 and 628 by

subtracting one from each

-1
50 regrouping is not

needed.
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Mathematical Reasoning:

e Solving problems in contextual situations enhances proficiency with estimation strategies. Reasoning skills are essential for
solving problems effectively and strategically. Reasoning involves analyzing information, identifying assumptions, evaluating
evidence, and drawing logical conclusions. When solving problems in context, students may have difficulty understanding which
operation(s) to use and may use the wrong operation(s) when solving. Students may not realize that all numbers in a contextual
problem are not always needed. To help students derive the meaning of which operation to apply, ask students how thinking
about the meaning of addition can help when solving word problems. Give students a chance to explain individually and share
their thoughts with each other. Repeat this process for subtraction, multiplication, and division. Have students explain the action
of the word to move away from a reliance on “key words.” For example —

o Addition:
= Finding the total quantity of separate quantities
=  Combining two or more quantities
o Subtraction:
=  Finding how much more or how much less
Finding how much further
= Finding the difference between two quantities
= Determining a quantity when taking one amount from another
e As students engage in solving problems, including those in context, they should be encouraged to begin with estimating. There are
many ways to estimate (e.g., rounding, using compatible numbers) and students would benefit from hearing peers’ estimation
strategies. Class discussions about how different estimation strategies produce different estimates, whether an estimate will be
greater than or less than the exact answer, and how estimates can help determine the reasonableness of an answer will help
students develop a robust toolkit of estimation strategies.

Mathematical Connections: Students must connect fluency of facts, concepts, procedures, and mathematical language through
mathematical reasoning to effectively solve contextual problems. Fluency with rational humbers at this grade level will help with
improving logical reasoning skills, which will then lend themselves to solving contextual problems. In the following example, first,
students must use their previous understanding of computation with whole numbers. Next, students must apply their understanding of
mathematical language to determine which operation(s) to use, and with this information, design a plan to solve the solution. Lastly,
students must determine the reasonableness of their solution by providing their reasoning.

Concepts and Connections

CONCEPTS
The operations of addition, subtraction, multiplication, and division are used to represent and solve many different types of problems.
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CONNECTIONS
e Within the grade level/course:
o 4.NS.1-The student will use place value understanding to read, write, and identify the place and value of each digitin a
nine-digit whole number.
o 4.PS.1-The student will apply the data cycle (formulate questions; collect or acquire data; organize and represent data;
and analyze data and communicate results) with a focus on line graphs.
o 4.PFA.1-The student will identify, describe, extend, and create increasing and decreasing patterns (limited to addition,
subtraction, and multiplication of whole nhumbers), including those in context, using various representations.
e Vertical Progression:
o 3.CE.1-The student will estimate, represent, solve, and justify solutions to single-step and multistep problems, including
those in context, using addition and subtraction with whole numbers where addends and minuends do not exceed 1,000.
o 5.CE.1-The student will estimate, represent, solve, and justify solutions to single-step and multistep contextual
problems using addition, subtraction, multiplication, and division with whole numbers.

Resources to Support Local Curriculum

o Alist of approved textbooks and instructional materials is posted on the VDOE website.
e Addition and Subtraction with Whole Numbers Exemplar Mathematics Instructional Plan (Word | PDF)
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4.CE.2

The student will estimate, represent, solve, and justify solutions to single-step and multistep problems, including those in
context, using multiplication with whole numbers, and single-step problems, including those in context, using division with whole
numbers; and recall with automaticity the multiplication facts through 12 x 12 and the corresponding division facts.

Students will demonstrate the following Knowledge and Skills:

Determine and justify whether an estimate or an exact answer is appropriate when solving contextual problems involving
multiplication and division of whole humbers. Refine estimates by adjusting the final amount, using terms such as closer to,
between, and a little more than.

Recall with automaticity the multiplication facts through 12 x 12 and the corresponding division facts.*

Create an equation using addition, subtraction, multiplication, and division to represent the relationship between equivalent
mathematical expressions (e.g.,4x3=2x6;10+8=36+2;12x4=60—12).

Identify and use the appropriate symbol to distinguish between expressions that are equal and expressions that are not equal,
using addition, subtraction, multiplication, and division (e.g.,4x 12=8 x 6 and 64 + 8 # 8 x 8).

Determine all factor pairs for a whole number 1 to 100, using concrete, pictorial, and numerical representations.
Determine common factors and the greatest common factor of no more than three numbers.

Apply strategies (e.g., rounding, place value, properties of multiplication and/or addition) and algorithms, including the standard
algorithm, to estimate and determine the product of two whole numbers when given:

i) atwo-digit factor and a one-digit factor*
ii) athree-digit factor and a one-digit factor*
iii) atwo-digit factor and a two-digit factor*

Estimate, represent, solve, and justify solutions to single-step and multistep contextual problems that involve multiplication with
whole numbers.

Apply strategies (e.g., rounding, compatible numbers, place value) and algorithms, including the standard algorithm, to estimate
and determine the quotient of two whole numbers, given a one-digit divisor and a two- or three-digit dividend, with and without
remainders.*

Estimate, represent, solve, and justify solutions to single-step contextual problems involving division with whole numbers.

Interpret the quotient and remainder when solving a contextual problem.

* On the state assessment, items measuring this objective are assessed without the use of a calculator.
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Understanding the Standard

e Estimation skills are valuable, time-saving tools particularly in practical situations when exact answers are not required and can be
used in determining the reasonableness of the product or quotient when solving for the exact answer.

e Anestimate is a number that lies within a range of the exact solution, and the estimation strategy used in a particular problem
determines how close the estimate is to the exact solution. Estimates involve using friendlier numbers to mentally compute a
reasonable answer before any exact computation is calculated.

e Students should explore reasons for estimation, using practical experiences, and use various estimation strategies to solve
contextual problems. Estimation strategies include rounding, using compatible numbers, and front-end estimation.

o When estimating, students should consider whether it is important that the estimate is greater than or less than the exact answer.
Students should be encouraged to examine the context and the demand for precision in deciding which estimation strategy to use.

e Students would benefit from hearing the estimation strategies of other classmates and from discussions about how different
estimation strategies produce different answers (e.g., rounding numbers may produce an estimate closer to the actual answer than
using front-end estimation).

e Rounding numbers is one estimation strategy and may be introduced with a number line. When given a number to round, use
multiples of ten, hundred, or thousand as benchmarks and use the nearest benchmark value to represent the number.

e Using compatible numbers is another estimation strategy. Compatible humbers are pairs of numbers that are easy to multiply and
divide mentally.

e Using front-end estimation is another estimation strategy. Front-end estimation involves truncating numbers to the highest place
value to compute.

e When an exact answer is required, opportunities to explore whether the answer can be determined mentally or must involve paper
and pencil, or calculators help students select the most efficient approach.

e The properties of the operations are “rules” about how numbers work and how they relate to one another. Students at this level do not
need to use the formal terms for these properties but should utilize these properties to further develop flexibility and fluency in solving
problems. The following properties are most appropriate for exploration at this level:

o theidentity property of multiplication states that if a given number is multiplied by one, the product is the same as the given
number (e.g., 8 x 1=28)

o the commutative property of multiplication states that changing the order of the factors does not affect the product (e.g., 12 x
43 =43 x 12)

o the associative property of multiplication states that the product stays the same when the grouping of factors is changed
(e.g., 16 x (40 x 5) = (16 x 40) x 5)
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o The distributive property states that multiplying a sum by a number gives the same result as multiplying each addend by the
number and then adding the products. Several examples are shown below:
= 3(9)=3(5+4)=(3x5)+(3x4)=15+12=27
= 5x(3+7)=(5x3)+(5x7)=15+35=50
= (2x3)+(2x5)=2x(3+5)=2%x8=16
= 9Ox23=9(20+3)=180+27=207

o Thedistributive property can also be demonstrated using an area model, as shown below:

32

- 8x4

In Grade 3, students developed an understanding of the meanings of multiplication and division of whole numbers through activities
and contextual problems involving equal-sized groups, arrays, and length models. In addition, students worked to develop recall with
automaticity of multiplication facts through 10 x 10 along with the corresponding division facts.

Students develop an understanding of the meaning of multiplication and division of whole numbers through activities and contextual
problems that involve equal-sets or equal-groups, arrays, and length models.

The equal-sets or equal-groups model lends itself to sorting a variety of concrete objects into equal groups and reinforces the
concept of multiplication as a way to find the total number of items in a collection of groups, with the same amount in each group,
and the total number of items can be found by repeated addition or skip counting.

IDKIIDIID

The array model, consisting of rows and columns (e.g., three rows of four columns for a 3-by-4 array), helps build an understanding of
the commutative property.
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The length model (e.g., a number line) also reinforces repeated addition or skip counting.

012345678910111213 141516171819 2

Multiplication and division are inverse operations.

Dividing by zero is undefined because it always leads to a contradiction. In the example below, there is no single defined number
possibility for dividing by 0, since zero multiplied by any numberis zero: If 12+ 0=r,thenr-0=12.

Computational fluency is the ability to think flexibly in order to choose appropriate strategies to solve problems accurately and
efficiently. The development of computational fluency relies on quick access to number facts. The patterns and relationships that
existin the facts can be used to learn and retain the facts. By studying patterns and relationships, students build a foundation for
fluency with multiplication and division facts.

In developing and using strategies to learn the multiplication facts through the twelves table, students should use concrete materials,
hundreds charts, and mental mathematics. Strategies to learn the multiplication facts include an understanding of:

@)
O
O
O
©]

O

multiples

doubles

properties of zero and one as factors

building from foundational facts (distributive property)
commutative property

related facts

Strategies that allow students to derive unknown multiplication facts include:

o}

O O O O O

doubles (2s facts; double 9is 18 s0 9 x 2 =18)

doubling twice (4s facts; double 6 is 12 and double 12 is 24 so 6 x 4 = 24)

doubling three times (8s facts; double 7 is 14 and double 14 is 28 and double 28 is 56 so 7 x 8 = 56)

halving (5s facts are half of ten; half of 80 is 40 so 8 x 5 =40)

decomposing into known facts using the distributive property (e.g., 7 x 3 can be thought of as (5 x 3) + (2 x 3))
building up and building down from known facts (9 x 3 can be thought of as (10 x 3) — (1 x 3))
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the inverse relationship between division and multiplication (5 x 3=15s015+3=15)
halving (2s facts; half of 16 is 8 so 16 + 2 = 8)
halving twice (4s facts; half of 28 is 14 and half of 14is 7s028 +4=7)

O O O O

halving three times (8s facts; half of 48 is 24, half of 24 is 12, and half of 12is 6 s0 48 + 8 = 6)

Strategies for Developing Multiplication and Division Basic Facts

Strategy Example Representation
Use Skip Counting Counting by multiples of a
number or using repeated — -
addition —— —\‘./\’
0 a4 8 12
4+4+4
Use Doubles Using addition doubles to LLL .

multiply by two

< Hafof12i86 - )
— . —

Use Foundational Facts to
Derive Unknown Facts

Decomposing one of the
factors to use
foundational facts of 5s
or2s

(6u5)+(6xl)

Derive Unknown Facts

Deriving unknown facts
from known facts may
include, doubling twice
(4s facts), doubling three
times (8s facts), five facts
(half of ten), using the
distributive property to
decompose into known
facts

Double 24 is 48

Double 12 is 24

Double 6 s 12

6x8

Think Multiplication for Using a known R
Division multiplication fact to A vnaemesanzer )
think about a division - Hha

fact

ax[]-24 ™y

Use of Related Facts

Using the commutative
property and inverse
operations

Turn

Ixd

3 rowws of 4

Ix4=12 12+3=4

owsofs 4x3=12 12+4=3
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Meaningful practice of computation strategies can be attained through hands-on activities, manipulatives, and graphic organizers.

A certain amount of practice is necessary to develop fluency with computational strategies. The practice must be motivating and
systematic if students are to develop fluency in computation.

Automaticity of facts can be achieved through timed exercises such as flashcards and/or supplemental handouts to generate many
correct responses in a short amount of time.

An expression is a representation of a quantity. It is made up of numbers, variables, and/or computational symbols. It does not have
an equal symbol (e.g., 8, 15 x 12).

Mathematical relationships can be expressed using equations. An equation represents the relationship between two expressions of
equal value (e.g.,12x4=60-12).

The equal symbol (=) means that the values on either side are equivalent (balanced).
The not equal symbol (#) means that the values on either side are not equivalent (not balanced).

The terms associated with multiplication are listed below:

4 x 3 = 12

factor factor product

A factor is a number that divides evenly into another number, leaving no remainder. In other words, if multiplying two whole numbers
gives us a product, then the numbers we are multiplying are factors of the product because the product is divisible by the factors.

A common factor of two or more numbers is a divisor that all of the numbers share.

The greatest common factor (GCF) of two or more numbers is the largest of the common factors that all of the numbers share.
QGreatest
Common Factor

Factors of 12 | Factors of 18
1x12=12 1x18=18
2x6=12 2x9=18
3x4=12 3x6=18

1,2,3,4(6)12 | 1,2, 3(6)9, 18

GCF is 6.
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Factors of 12

9 10 11(1) 13 14 15 16 17 18 19 20

8 (@ 10 11 12 13 14 15 16 17 (18)

Factors of 18

The formats and terms associated with division are listed below:

quotient
dividend .
. = divi - ; O - —  — = quotient
dividend + divisor = quotient divisor 'dmdend divisor

Division is the operation of making equal groups. When the original amount and the number of groups are known, divide to determine
the size of each group. When the original amount and the size of each group are known, divide to determine the number of groups.
Both situations may be modeled with base 10 blocks, place value chips, or other manipulatives.

446 + 4
Students benefit from experiences with various methods of division, such as repeated subtraction, partial quotients, and the
standard algorithm.

In problem solving, emphasis should be placed on thinking and reasoning rather than on key words. Focusing on key words such as in
all, altogether, difference, etc., encourages students to perform a particular operation rather than make sense of the context of the
problem. A key-word focus prepares students to solve a limited set of problems and often leads to incorrect solutions as well as
challenges in upcoming grades and courses.
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e Extensive research has been undertaken over the last several decades regarding different problem types. Many of these studies have
been published in professional mathematics education publications using different labels and terminology to describe the varied
problem types. Some examples are included in the following chart:

Grade 4: Common Multiplication and Division Problem Types

Equal Group Problems

Whole Unknown
(Multiplication)

Size of Groups Unknown
(Partitive Division)

Number of Groups Unknown
{Measurement Division)

There are six boxes of crayons.
Each box contains 24 crayons.
How many crayons are there in

all?

If 144 crayons are shared
equally among six friends, how
many crayons will each friend
receive?

If 144 crayons are placed into
boxes with each box containing
24 crayons, how many boxes

will be filled?

Multiplicative Comparison Problem:

Result Unknown

Start Unknown

Comparison Factor Unknown

Tyrone ran 30 miles last month.
Jasmine ran four times as many
miles as Tyrone during the same

Jasmine ran 120 miles. She ran
four times as many miles as
Tyrone. How many miles did

Jasmine ran 120 miles. Tyrone
ran 30 miles. How many times
more miles did Jasmine run than

month. How many miles did Tyrone run? Tyrone?

Jasmine run?

Array or Area Problems

Whole Unknown One Dimension Unknown
There are 12 baseball teams competing in the There are 108 baseball players competing in the
tournament. Each team has nine baseball players. | tournament. The players are divided equally
How many baseball players are there all together? | among 12 teams. How many players are on each
team?

Mr. Myer’s dog pen measures 15 feet by 22 feet.
How many square feet are in the dog pen? There are 108 baseball players competing in the
tournament. There are exactly nine players on
each team. How many teams are competing in the

tournament?

The area of Mr. Myer’s dog pen is 330 square
feet. The length of the dog pen is 22 feet. What is
the width of the dog pen?

e Students need exposure to various types of contextual division problems in which they must interpret the quotient and remainder
based on the context. The chart below includes an example of each type of problem.
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Making Sense of the Remainder in Division

Type of Problem

Example

Remainder is not needed and can be left over (or
discarded)

Bill has 29 pencils to share fairly with 6 friends.
How many pencils can each friend receive? (4
pencils with 5 pencils leftover)

Remainder is partitioned and represented as a
fraction or decimal

Six friends will share 29 ounces of juice. How
many ounces will each person get if all the juice is

shared equally? (4% ounces)

Remainder forces answer to be increased to the
next whole number

There are 29 people going to the party by car.
How many cars will be needed if each car holds 6
people? (5 cars)

Remainder forces the answer to be rounded
(giving an approximate answer)

Six children will share a bag of candy containing
29 pieces. About how many pieces of candy will
each child receive? (About 5 pieces of candy)

Bar diagrams serve as a model that can provide students with ways to visualize, represent, and understand the relationship between
known and unknown quantities and to solve problems.

Whole Unknown
(Multiplication)

Size of Groups Unknown
(Partitive Division)

Number of Groups
Unknown
(Measurement Division)

Multiplicative Compare
(Start Unknown)

Thomas has 6 boxes of If 108 donuts are shared
crayons. Each box contains | equally in a family of 6,
24 crayons. How many how many donuts will
crayons does Thomas each family member get?
have?

108 |

If donuts are sold 12 to a
box (a dozen), how many
boxes can be filled with
108 donuts?

Jasmine ran 120 miles. She
ran four times as many
miles as Tyrone. How
many miles did Tyrone
run?

10§

24 24 24 24 24 24

1212 12 ... 7

44

Students will solve problems involving the division of decimals in Grade 5.
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Skills in Practice

While the five process goals are expected to be embedded in each standard, the Skills in Practice highlight the most prevalent process
goals in relation to the content presented.

Mathematical Problem Solving: Problem solving requires both an ability to correctly define a problem and find a solution to it. Model
effective practices that demonstrate for students how to arrive at their solutions through estimation, exactness, and justification. To
unpack contextual problems, guide students through the problem-solving process by taking care to annotate essential vocabulary (not
“key words”) related to applied operations. For example —

o Understand the problem by reading and then re-reading the problem; imagining the problem or drawing a picture;
underlining or highlighting the important information and essential vocabulary within the problem.

o Create a plan by deciding what to do and how to solve the problem using the applicable operation(s).

o Carry out the plan by showing all work to represent thinking (e.g., using symbols, words, concrete manipulatives, pictorial
representations).

o Checkthe solution by determining if the solution answers the question asked in the contextual problem. During this phase
of problem solving, it is essential that students are exposed to strategies that allow them to determine the reasonableness
of their responses and solutions; and to support multiple mathematically sound and accurate ways of arriving at a
solution.

o Graphic organizers such as the four-square model (Polya method) can help students to organize their thinking as they
solve contextual problems —

U n d ersta nd Make a Plan: Decide what to do and how to solve the Pla n
— problem. Will you add, subtract, multiply or divide? —

Read the problem. Re-Read the problem

Imagine the Problem or Draw a picture

Annotate: Underline or highlight the important information in the
problem.

Solve Check

Solve: Carry out your plan showing Think Back:
all work that represents your Does my final answer make sense?
thinking Is there a better way to solve
this problem?
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As students solve contextual problems, ask questions such as -

O
@)
@)

Are there multiple ways to solve a single problem?
How do you know that you have provided a reasonable answer?
What role does estimation play in solving contextual problems?

Automatic retrieval of facts (automaticity) allows students more mental energy to devote to relatively complex mathematical
tasks and execute multistep mathematical procedures. Thus, building automatic fact retrieval in students is one (of many)
important goal when engaging in problem solving.

o

Ensure that students have an efficient strategy to use as solve basic facts. When teaching basic facts, instruction should
be organized related to number patterns (see list of multiplication strategies in Understanding the Standard section). For
example, when solving single-step multiplication facts within 10 x 10, students should use flexible counting strategies
and/or models (e.g., arrays, number lines) to develop their automaticity while also developing their conceptual
understanding of multiplication and division. Students should demonstrate their understanding using words, objects,
drawings, and numbers. For example, when given 3 x4 =___ |, students can create a concrete model or pictorial
representation. A number line (see below) is one strategy that can be used to support students’ learning of math facts to
build both automaticity and procedural fluency.

' S 7 SR | SE—

0 12 24 36

Timed activities should be added once students have been working on developing accuracy and flexibility with such facts
over many lessons. Choose the activity and materials to use in the timed activity while setting clear expectations. Timed
activities can be structured for students to work together as a group or individually. If using worksheets for fluency,
discuss students’ answers after time has been called and ask students to correct and explain any missed items. For group
timed activities, students can work in pairs or small groups, taking turns to respond or responding all at once. For group
activities or flash cards with a teacher, teachers should provide immediate feedback. If students are incorrect, teachers
should allow students to self-correct and help them do so if necessary. Having students chart their individual progress
over time can build motivation to set goals and encourage students to stay focused on achieving fluency and
automaticity.
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e Computational fluency is the ability to think flexibly in order to choose appropriate strategies to solve problems accurately and
efficiently. The development of computational fluency relies on quick access to number facts. The patterns and relationships that
existin the facts can be used to learn and retain the facts. By studying patterns and relationships, students build a foundation for
fluency with multiplication and division facts.

e When solving contextual problems, especially those that require multiple steps to solve, students may have difficulty
approaching the problem and determining what operations are needed to solve the problem. Exposing students to a variety of
problem types that require different operations to solve (see the chart “Multiplication and Division Problem Types” in
Understanding the Standard) will help students become more comfortable with problem solving. In Grade 4, students begin
solving contextual division problems that include a remainder. It is important for students to have experience with types of
problems that require the remainder to be interpreted in different ways (see the chart “Making Sense of the Remainder in
Division” in Understanding the Standard).

Mathematical Communication: Teach students a solution method for solving each problem type. Introduce a solution method using a
worked-out example. Talk through the problem-solving process and connect the relevant problem information to the worked-out
example. Say out loud the decisions that were made to solve the problem at each step. Then demonstrate how to apply the solution
method by solving a similar problem with students using that method. Discuss each decision made and ask students guiding questions
to engage them as problems are solved.

Mathematical Reasoning: Solving problems in contextual situations enhances proficiency with estimation strategies. Reasoning skills
are essential for solving problems effectively and strategically. Reasoning involves analyzing information, identifying assumptions,
evaluating evidence, and drawing logical conclusions. Students should apply a variety of reasoning strategies as they build the accuracy
and flexibility components of fluency with multiplication and division up to 12 x 12 (e.g., skip counting, number lines, arrays).

e When solving problems in context, students may have difficulty understanding which operation(s) to use and may use the wrong
operation(s) when solving. Students may not realize that all numbers in a contextual problem are not always needed. To help
students derive the meaning of which operation to apply, ask students how thinking about the meaning of addition can help when
solving word problems. Give students a chance to explain individually and share their thoughts with each other. Repeat this
process for subtraction, multiplication, and division. Have students explain the action of the word to move away from a reliance
on “key words.” For example —

o Addition:
= Finding the total quantity of separate quantities
=  Combining two or more quantities

o Subtraction:
=  Finding how much more or how much less
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=  Finding how much further
= Finding the difference between two quantities
=  Determining a quantity when taking one amount from another
o Multiplication:
= Finding the quantity needed for x number of people or x number of something
= Having equal groups and finding the total of all groups
= Finding a part (fraction) of a whole number
= Taking a part of a part (fraction of a fraction)
o Division:
= Dividing an item (or quantity) into equal sized pieces
= Dividing a quantity into equal groups
= Using an equal amount of something over time
= Determining how many fractional groups can be made from a quantity

Basic fact strategies use number relationships and benchmarks and support students, merging conceptual understanding and
procedural fluency. Strategies such as “five facts plus an extra group” to determine the x 6 facts will help students build a
foundation for strategies beyond basic facts. For example —

7x6=

When looking at this problem, students need to determine the total of 7 groups of 6 objects. Square tiles may be used to create an
array that contains 7 rows, with 6 square tiles in each row. Students would then determine how many square tiles are in the array
to determine the product of 7 x 6. For example, students may recognize that 7 x 5 = 35, and that they then need to add one more
group of 7, for a total of 42. To transfer from the concrete, students would draw an array with 7 rows, with each row to include 6
squares. The product (42) is how many squares are drawn in all.

7%6

(7 x5)+(7x1)
=35+7
=42
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e As students begin to solve computation problems with larger numbers, estimation is an important strategy that students can use
to determine an approximate answer prior to solving, and to verify the reasonableness of a solution after solving. There are many
ways to estimate, and students should have experiences estimating products and quotients in multiple ways. Two ways of
estimating, rounding and using compatible numbers, are demonstrated in the table below.

Examples of Estimation Strategies

Rounding 23 % 68

I

20 x 70 = 1,400

Using compatible numbers 432 =7
420 +~7=60

Mathematical Connections:

o When writing a set of related facts, students commonly struggle with writing the division facts accurately. For example, given the fact
11 x 12 =132, students may incorrectly write 11 + 12 =132 as a related division fact. Students are often more comfortable with
multiplication than division. With practice composing, decomposing, modeling, looking at relationships among fact families, and
having students provide verbal explanations, students can better understand how multiplication and division are related, helping to
develop their accuracy and flexibility components of computational fluency.

e Students must connect fluency of facts, concepts, procedures, and mathematical language through mathematical reasoning to
effectively solve contextual problems. Fluency with rational numbers at this grade level will help with improving logical reasoning
skills, which will then lend themselves to solving contextual problems. In the following example, first, students must use their
previous understanding of computation with whole numbers. Next, students must apply their understanding of mathematical
language to determine which operation(s) to use, and with this information, design a plan to solve the solution. Lastly, students must
determine the reasonableness of their solution by providing their reasoning. An example, with common errors, is provided below.

The Corner Bakery was packing cupcakes into boxes. Each box can hold 15 cupcakes. They filled 22 boxes of cupcakes and had
10 cupcakes left over. How many total cupcakes did they bake?
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A common mistake that students make is to add all of the numbers in the problem, resulting in an incorrect answer of 47. This may
indicate that students are unsure of what operations are needed to solve the problem. Another common mistake is for students to
correctly multiply 15 x 22 but subtract 10 instead of adding 10. This indicates that students may be relying on the use of key words (“left
over”) to determine what operation to perform. Students who make these errors would benefit from additional experiences visualizing
and representing the action that occurs in a contextual situation.

Concepts and Connections

CONCEPTS
The operations of addition, subtraction, multiplication, and division are used to represent and solve many different types of problems.
